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Some generalization of Cauchy’s and Wilson’s functional
equations on abelian groups
Radoslaw Lukasik
Abstract. We ﬁnd the solutions f, g, h : G → X, α : G → K of the functional equation
∑
λ∈K
f(x + λy) = |K|g(x) + α(x)h(y), x, y ∈ G,
where (G,+) is an abelian group, K is a ﬁnite, abelian subgroup of the automorphism group
of G, X is a linear space over the ﬁeld K ∈ {R, C}.
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1. Introduction
The following generalization
f(x + y) + f(x + σy) = 2f(x) + 2f(y), x, y ∈ G,
of the quadratic functional equation, where σ is an automorphism of an abelian
group G such that σ ◦ σ = idG and f : G → C, was investigated by Stetkær
[9].





f(z + ωnζ) = f(z) + g(z)h(ζ), z, ζ ∈ C,
where N ∈ {2, 3, . . .}, ω is a primitive N th root of unity, f, g, h : C → C are
continuous.




f(x + λy) = |K|α(y)g(x) + |K|h(y), x, y ∈ G,
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where (G,+) is an abelian group, K is a ﬁnite abelian subgroup of the automor-
phism group of G,X is a linear space over the ﬁeld K ∈ {R,C},f, g, h : G → X,




f(x + λy) = |K|g(x)h(y), x, y ∈ G,
where (G,+) is an abelian group, K is a ﬁnite subgroup of the automorphism
group on G, f, g, h : G → C, was studied by Fo¨rg-Rob and Schwaiger [3], Gajda
[4], Stetkær [7,8], Badora [2].
Acze´l et al. [1] studied the complex-valued solutions of the equation
f(x + y) + f(x − y) − 2f(x) = g(x)h(y), x, y ∈ G,
where (G,+) is a group and f, g, h : G → C.
The purpose of this paper is to ﬁnd the solutions of the functional equation
∑
λ∈K
f(x + λy) = |K|g(x) + α(x)h(y), x, y ∈ G,
where f, g, h : G → X,α : G → K, (G,+) is an abelian group, K is a ﬁnite,
abelian subgroup of the automorphism group of G,X is a linear space over the
ﬁeld K ∈ {R,C}.
We ﬁnd these solutions under the assumption
∑
λ∈K f ◦ λ = const,
∑
λ∈K
α ◦ λ = const, α(0) = 0 and they are some combinations of multiplicative and
multi-additive functions.
Our results generalize all the results mentioned above (except the papers
by Lukasik).
2. Main result
Throughout the present paper, we assume that X is a linear space over the
ﬁeld K ∈ {R,C},(G,+) is an abelian group, K is a ﬁnite, abelian subgroup of
the automorphism group of G.
In this work we use some theorems. The ﬁrst gives us the form of the
solutions of a generalization of Jensen’s functional equation.
Theorem 1. [5, Theorem 5] Let (S,+) be an abelian semigroup, K be a finite
subgroup of the automorphism group of S, (H,+) be an abelian group uniquely
divisible by |K|!. Then the function f : S → H satisfies the equation
∑
λ∈K
f(x + λy) = |K|f(x), x, y ∈ S (1)
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if and only if there exist k-additive, symmetric mappings Ak : Sk → H,
k ∈ {1, . . . , |K| − 1} and A0 ∈ H such that
f(x) = A0 + A1(x) + · · · + A|K|−1(x, . . . , x), x ∈ S,∑
λ∈K
Ak(x, . . . , x, λy, . . . , λy︸ ︷︷ ︸
i
) = 0, x, y ∈ S, 1 ≤ i ≤ k ≤ |K| − 1.
The second theorem shows all solutions of a generalization of Wilson’s
functional equation.




f(x + λy) = |K|ϕ(y)f(x), x, y ∈ G, (2)






m(λx), x ∈ G,
and
(i) if X is complex, then there exist Aλ0 ∈ X, k-additive, symmetric mappings
Aλk : G









Aλi (x, . . . , x)
⎤
⎦ , x ∈ G,
∑
μ∈K0
Aλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i
) = 0, x, y ∈ G,λ∈K1, 1≤ i≤k ≤ |K0| − 1,
(ii) if X is real, then there exist Aλ0 ∈ X,Bλ0 ∈ X, k-additive, symmetric map-
pings Aλk , B
λ
k : G






















⎠ , x ∈ G,
∑
μ∈K0
Aλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i
) = 0, x, y ∈ G,λ ∈ K1, 1≤ i≤k≤|K0|−1,
∑
μ∈K0
Bλk (x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i
) = 0, x, y ∈ G,λ∈K1, 1≤ i≤k≤|K0| − 1,
where K0 := {λ ∈ K : m ◦ λ = m},K1 is the set of representatives of co-
sets of the quotient group K/K0.
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First we start with a corollary of Theorem 2.
Corollary 1. A nonzero function α : G → K satisfies the equation
∑
λ∈K
α(x + λy) = α(x)
∑
λ∈K
α(λy), x, y ∈ G, (3)
if and only if there exists a homomorphism m : G → C∗ and
(i) if K = C, then there exist aλ0 ∈ C, k-additive, symmetric mappings
aλk : G









aλi (x, . . . , x)
⎤
⎦ , x ∈ G,
∑
μ∈K0
aλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i




(ii) if K = R, then there exist aλ0 , b
λ


























⎠ , x ∈ G,
∑
μ∈K0
aλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i
) = 0, x, y ∈ G, λ ∈ K1, 1 ≤ i ≤ k < |K0|,
∑
μ∈K0
bλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i




where K0 := {λ ∈ K : m ◦ λ = m},K1 is the set of representatives of co-
sets of the quotient group K/K0.






m(λx), x ∈ G.
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α(x + λy) = ϕ(y)α(x), x, y ∈ G.
In view of Theorem 2 we have the form of α such as in the statement of this






m(λx), x ∈ G.
We observe that











































aλ0 , x, y ∈ G,


























































































aλ0 , x, y ∈ G.





0 = 1 and on the other hand a function α, which has the form
such as in the statement of this corollary, satisﬁes Eq. (3). 
Theorem 3. Let functions f : G → X,α : G → K be such that ∑λ∈K f ◦ λ = 0,
α = 0,∑λ∈K α ◦ λ = |K|. They satisfy the equation
∑
λ∈K
f(x + λy) = |K|f(x) + α(x)
∑
λ∈K
f(λy), x, y ∈ G, (4)
if and only if there exist a homomorphism m : G → C∗, A0 ∈ X, k-additive,
symmetric mappings Ak : Gk → X,k ∈ {1, . . . , L − 1} such that
f(x) = A0 +
|K|−1∑
i=1
Ai(x, . . . , x) − α(x)A0, x ∈ G, (5)
∑
μ∈K
Ak(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i
) = 0, x, y ∈ G, 1 ≤ i ≤ k < |K|, (6)
and
(i) if K = C, then there exist aλ0 ∈ C, k-additive, symmetric mappings
aλk : G









aλi (x, . . . , x)
⎤
⎦ , x ∈ G, (7)
∑
μ∈K0
aλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i




aλ0 = 1, (9)
(ii) if K = R, then there exist aλ0 , b
λ
























⎠ , x ∈ G, (11)
∑
μ∈K0
aλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i
) = 0, x, y ∈ G, λ ∈ K1, 1 ≤ i ≤ k < |K0|,
(12)
Vol. 89 (2015) Generalization of Cauchy’s and Wilson’s functional equations 597
∑
μ∈K0
bλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i




aλ0 = 1, (14)
where K0 := {λ ∈ K : m ◦ λ = m},K1 is the set of representatives of cosets











A0, x ∈ G. (15)




































f(x + λ(y + μz))



























f(μz) = 0, x, y, z ∈ G,
and we obtain that α satisﬁes Eq. (3). In view of Corollary 1 we get the form
of α.






























f(λx), x, y ∈G.




















f(λx), x, y ∈ G.











A0, x, y ∈ G.
Let q : G → X be given by the formula
q(x) = f(x) + α(x)A0, x ∈ G.
Then from equalities (3), (4), (15) we have
∑
λ∈K
q(x + λy) =
∑
λ∈K











= |K|f(x) + |K|α(x)A0 = |K|q(x), x, y ∈ G.
In view of Theorem 1 there exist c ∈ X, k-additive, symmetric mappings
Ak : Gk → X,k ∈ {1, . . . , |K| − 1} such that
q(x) = c +
|K|−1∑
i=1
Ai(x, . . . , x), x ∈ G,
∑
μ∈K
Ak(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i
) = 0, x, y ∈ G, 1 ≤ i ≤ k < |K|.
Since
c = q(0) = f(0) + α(0)A0 = A0,
we have
f(x) = A0 +
|K|−1∑
i=1
Ai(x, . . . , x) − α(x)A0, x ∈ G.
Now we assume that f satisﬁes conditions (5)–(6) and α satisﬁes conditions
(7)–(9) in the complex case or (10)–(14) in the real case. In view of Theorem 1
a function f + αA0 satisﬁes Eq. (1) and in view of Corollary 1 α satisﬁes
Eq. (3). We have
∑
λ∈K
f(x + λy) =
∑
λ∈K




= |K|f(x) + |K|α(x)A0 − α(x)
∑
λ∈K
α(λy)A0, x, y ∈ G.



















= |K|f(x) + α(x)
∑
λ∈K
f(λy), x, y ∈ G,
which ends the proof. 
Remark 1 . Let f : G → X,α : G → K,α = 0 or ∑λ∈K f ◦ λ = 0. Then they
satisfy Eq. (15) if and only if f satisﬁes Eq. (1). Hence, in view of Theorem 1,
we know the form of f .
Remark 2 . Let f : G → X,α : G → K,∑λ∈K α ◦ λ = |K|. If they satisfy
Eq. (15) then α satisﬁes Eq. (1) and we know its form. At the present moment
we don’t know the form of f .
Now we can prove the main theorem of this paper which is a pexiderized
version of Theorem 3.
Theorem 4. Let functions f, g, h : G → X,α : G → K be such that ∑λ∈K f ◦
λ = const, ∑λ∈K α ◦ λ = const, α(0) = 0. They satisfy the equation
∑
λ∈K
f(x + λy) = |K|g(x) + α(x)h(y), x, y ∈ G, (16)
if and only if there exist a homomorphism m : G → C∗, A,B,A0 ∈ X, k-
additive, symmetric mappings Ak : Gk → X,k ∈ {1, . . . , |K| − 1} such that
f(x) = A + A0 +
|K|−1∑
i=1
Ai(x, . . . , x) − α(x)
α(0)
A0, x ∈ G, (17)
g(x) = A + A0 +
|K|−1∑
i=1
Ai(x, . . . , x) − α(x)
α(0)











A0 + |K|(A − B)
]
, x ∈ G, (19)
∑
μ∈K
Ak(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i
) = 0, x, y ∈ G, 1 ≤ i ≤ k < |K|, (20)
and
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(i) if K = C, then there exist aλ0 ∈ C, k-additive, symmetric mappings aλk :









aλi (x, . . . , x)
⎤
⎦ , x ∈ G, (21)
∑
μ∈K0
aλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i




aλ0 = 1, (23)
(ii) if K = R, then there exist aλ0 , b
λ


























⎠ , x ∈ G, (25)
∑
μ∈K0
aλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i




bλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i




aλ0 = 1, (28)
where K0 := {λ ∈ K : m ◦ λ = m},K1 is the set of representatives of cosets
of the quotient group K/K0.
Proof. Putting x = 0 in (16) we have
∑
λ∈K
f(λy) = |K|g(0) + α(0)h(y), y ∈ G.
Putting y = 0 in (16) we get
|K|f(x) = |K|g(x) + α(x)h(0), x ∈ G.
Vol. 89 (2015) Generalization of Cauchy’s and Wilson’s functional equations 601
Hence we get
g(x) = f(x) − α(x)|K| h(0) = f(x) −
α(x)
α(0)









, y ∈ G. (30)
Let f0 = f − f(0), α0 = αα(0) . From the above equalities we obtain
∑
λ∈K
f0(x + λy) =
∑
λ∈K
f(x + λy) − |K|f(0) = |K|g(x) + α(x)h(y) − |K|f(0)






= |K|f0(x) + α0(x)
∑
λ∈K
f0(λy), x, y ∈ G.
In view of Theorem 3 there exist a homomorphism m : G → C∗, A0 ∈ X, k-
additive, symmetric mappings Ak : Gk → X,k ∈ {1, . . . , |K| − 1} such that
f0(x) = A0 +
|K|−1∑
i=1
Ai(x, . . . , x) − α0(x)A0, x ∈ G,
∑
μ∈K
Ak(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i
) = 0, x, y ∈ G, 1 ≤ i ≤ k < |K|,
and
(i) if K = C, then there exist aλ0 ∈ C, k-additive, symmetric mappings aλk :









aλi (x, . . . , x)
⎤
⎦ , x ∈ G,
∑
μ∈K0
aλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i
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(ii) if K = R, then there exist aλ0 , b
λ


























⎠ , x ∈ G,
∑
μ∈K0
aλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i
) = 0, x, y ∈ G, λ ∈ K1, 1 ≤ i ≤ k < |K0|,
∑
μ∈K0
bλk(x, . . . , x, μy, . . . , μy︸ ︷︷ ︸
i














A0, x ∈ G.
Hence, putting A := f(0), B := g(0) and using equalities (29), (30), we obtain
the form of f, g, h and α.
Now we assume that f, g, h satisfy conditions (17)–(20) and α satisﬁes
conditions (21)–(23) in the complex case and (24)–(28) in the real case. In view
of Theorem 1 a function f + α0A0 satisﬁes Eq. (1) and in view of Corollary 1
α0 satisﬁes Eq. (3). We have
∑
λ∈K
f(x + λy) =
∑
λ∈K








−|K|α0(x)[A − B] + α0(x)
[





= |K|g(x) + α(x)h(y), x, y ∈ G,
which ends the proof. 
Remark 3 . Let f, g, h : G → X,α : G → K satisfy Eq. (16).
(i) If α(0) = 0, then
∑
λ∈K f ◦ λ = const.
(ii) If
∑
λ∈K f ◦ λ = const, then
∑
λ∈K α ◦ λ = const or h = const (in this
case Eq. (16) becomes Eq. (1) and we know its form). We don’t know the
form of the solutions in the case when
∑
λ∈K α ◦ λ = const.
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